OR Qualifer Exam ISyE Dept. University of Wisconsin-Madison

Fall 2024 Qualifier Exam:
Operations Research, Optimization, & Analytics

September 16, 2024

GENERAL INSTRUCTIONS:

1. Answer each question in a separate book.

2. Indicate on the cover of each book the area of the exam (OR), your name, and the question
answered in that book. On one of your books list the numbers of all the questions

answered.

3. Return all answer books in the folder provided. Additional answer books are available if

needed.
4. Do not put your name on any pages other than the cover page.

5. You are allowed one 8.5 x 11 sheet of paper with formulae.

SPECIFIC INSTRUCTIONS:

You must answer 5 out of 6 questions.

POLICY ON MISPRINTS AND AMBIGUITIES:

The Exam Committee tries to proofread the exam as carefully as possible. Nevertheless, the
exam sometimes contains misprints and ambiguities. If you are convinced a problem has been
stated incorrectly, mention this to the proctor. In any case, you should indicate your interpreta-
tion of the problem in your written answer. Your interpretation should be such that the problem

is nontrivial.
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1. Probability

You accidentially packed your office key into one of the three big boxes labeled 1,2 and 3,
and can’t remember which box. Suppose that the key is in each of the three boxes with
equal probability. If the key is in a given box and you search this box, you will find it with
probability 0.9, independent other search attempts.

(a) Suppose that you search box 1 first. Find the probability that you do not find the
key in box 1.

(b) Find the probability that the key is in Box 3, given that you search both Box 1 and
Box 2 but do not find the key in Box 1 or Box 2.
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2. Poisson Processes

Two individuals, 1 and 2, need kidney transplants. Without a transplant the remaining
lifetime of person ¢ is an exponentially distributed random variable with rate p;, the two
lifetimes being independent. Kidneys become available according to a Poisson process with
rate A. The first available kidney is supposed to go to person 1 if she is still alive when the
kidney becomes available; else it will go to person 2. The next kidney will go to person 2,
if she is still alive and has not already received a kidney.

(This problem has multiple parts. In each part you can use the statements of the previous
parts, even if you could not solve them.)

(a) What is the probability that person 1 obtains a new kidney?
(b) What is the probability that person 2 obtains a new kidney?

Fall 2024 Page 3



OR Qualifer Exam ISyE Dept. University of Wisconsin-Madison

3. Markov Chains

Suppose there are only two operating systems used in the cellphones in the US (iOS and
Android). Given that a person last purchased a phone with iOS, there is a 90% chance
that their next purchase will be an iOS phone. Given that a person last purchased a phone
with Android, there is an 80% chance that their next purchase will be an Android phone.

(a) If a person is currently an iOS phone user, what is the probability that they will
purchase an android phone three purchases from now? Formulate this problem as a Markov
chain by specifying the state space and transition matrix.

(b) Suppose that each customer makes one phone purchase during a year. Suppose there
are 300 million cell phone customers. One selling unit of iOS costs the company $100 to
produce and is sold for $600 and costs and revenues will remain the same for the foresee-
able future. For $10 billion/year long-term agreement, an advertising firm guarantees to
decrease from 10% to 5% the fraction of iOS users who switch after a purchase. Should
the company that manufactures iOS phones hire the advertising firm?
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4. Optimization Modeling

Global climate change has already had observable effects on the environment. Offshore
wind power is the use of wind farms constructed in bodies of water, usually in the ocean,
to harvest wind energy to generate electricity. An offshore wind farm is a collection of
wind turbines placed at sea to take advantage of the strong offshore winds. These strong
winds produce more electricity, but offshore wind farms are more expensive to install and

operate than those on land.

In our example, a wind farm of four turbines is being built off the east coast of Milwaukee.
There is a power station on the coast where all the electricity must be transferred to be
distributed to the electric grid. There is the possibility of building one or two transfer
stations in the wind farm where the power from several turbines can be collected and
transferred along a single cable to the shore. Each turbine can be connected to at most
one transfer station. The locations of the turbines, and the possible locations and cost to
build of the transfer stations are known. The maximum amount of energy that can be

generated from each turbine is also known.

There are three factors we must consider when installing the cables. First, there is a fixed
cost to lay a cable on the sea floor. This cost is proportional to the distance between
the two stations the cable connects. Second, we must consider how much current will
flow through the cables. There are several choices of cable capacity that can be used.
Connections that carry large currents need thick cables. Thick cables are more expensive
than thin cables.

Construct an optimization problem to decide which transfer stations should be built and
which cables should be laid to connect the wind farm power network at a minimum cost
while ensuring that the maximum amount of energy generated by the turbines can be
delivered to the power station.

(a) Describe the data (sets, parameters, etc) that you need to construct your model.

(b) Write down all the variables that you need to determine the configuration of the
power delivery network.

(c) Write constraints to ensure that a cable can only be laid to/from a transfer station
if that transfer station is built.

(d) Write down constraints to implement the fixed cost of laying a cable.

(e) Write down constraints to determine and limit flow from a turbine to one transfer

station.
(f) Ensure your model only chooses one type of cable for each connection.

(g) Note one extension you might consider to improve this model.
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5. Linear Optimization

Consider the following primal/dual pair of linear programming problems, where (P) de-
notes the primal and (D) denotes the dual:

min dx max p'b
st. Az =10 (P) st. pA<C. (D)
x>0

We have ¢ € R", b € R™, and A is a m X n real matrix with linearly independent rows.
We denote by A; the i-th column of A, for i € {1,...,n}. Let {B(1),...,B(m)} be
the basic indices and denote by B the submatrix of A consisting of the basic columns
AB();- -+ Ap@m)- The reduced costs are ¢; = ¢; — cgB1A; fori e {1,...,n}. We assume
that B yields a dual basic solution p that is dual feasible.

(i) Identify m — m primal variables that are zero valued in the primal basic solution
associated to B and write the primal basic solution associated to B.

(ii) Identify m dual constraints that are active in the dual basic solution associated to B
and write the formula for the dual basic solution p associated to B.

(iii) What is the sign of the reduced costs? Justify your answer.

(iv) Let d € R™. We want to compute the maximum stepsize 6 that we can take along d
so that p + 0d remains dual feasible. Prove that this stepsize is oo if d’A; < 0 for all
i € {1,...,n} and that otherwise it is equal to 0" = ming;.q 4,50 d’%i'

(v) Let j be an index in {i : d’A; > 0} such that 6* = d,é—j‘j. Prove that (p+6*d) A; = ¢;.

(vi) Let h € {1,...,m}. We want B(h) to leave the basis. Prove that the only direction
d € R™ such that (p+d) Apg) = cp() for alli € {1,...,m}\ {h} and (p+d)' A +
1 = cpp is d = —e;lel. (Note: e, denotes the unit vector with all entries being
zero, except the entry in position h, which is one).

(vii) Consider the direction d’ = —e}, B~!. What is the change in the dual objective if we
move from p to p + d?
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6. Integer Optimization

Let N = {1,...,n} represent a set of locations. We consider formulations of the hub
location and assignment problem in which a subset of size p of these nodes are to be
chosen as hubs, and all remaining nodes must be assigned to a hub. Define c;jr,, > 0 as
the cost to send material from node i € N to node j € N if node i € N is assigned to hub
k € N and node j € M is assigned to hub m € M. This problem can be formulated as

the following quadratic integer program.

min }, D, D D CijemTikim

1€EN jEN:j>i ke N meN

S.t. Z Tik =P (1)

kEN
Tk, < Thks Vi,k € N(i # k) (2)
D ag =1, Vie N (3)
keEN

zi, € {0,1}, Vi,ke N (4)

In this formulation, the variables xy indicate whether (zxr = 1) or not location k € N is
selected as a hub, and variables x;, for i # k indicate whether (x;; = 1) or not location
1 € N is assigned to hub k € N.

(a) Write an integer linear programming re-formulation of this problem that uses decision
variables y;jim to represent the product terms z;pxj, for i,k,j,m € N(j > i). (If
you re-use any of the variables and constraints from the original formulation, you do
not have to re-write them — just refer to them via their equation numbers above.)

(b) Show that the following equations are valid for your formulation:
Zyijkm =Tjm, Vi€ N,jEN(j>i)meN
keN

(c) Consider now an alternative mixed-integer linear formulation in which variables s;

for ¢ € N are introduced, the objective is changed to:
min Zsi
i€EN
and the variables z;; and constraints (1)—(4) are included as in part (a), and the

following constraints are added:

$iz > > cijgm(@i + Tjm — 1), VikeN (5)
JEN:j>imeN

si >0, Vie N. (6)

Show that this is a correct mixed-integer formulation for the problem. (Hint: Use

constraints (3) and for each i € N consider separately the cases z;; = 1 and x;; = 0.)
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(d) Let 2z be the optimal value of LP relaxation of the formulation from part (a),

and 22" be the optimal value of the LP relaxation of this formulation. Show that
zfp > zCLP .

Fall 2024 Page 8



